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Abstract 

Background: The solution of large-scale sparse linear systems remains a fundamental task 

in numerical analysis, with direct applications in the discretization of partial differential 

equations (PDEs), computational fluid dynamics, and inverse problems. Classical iterative 

solvers such as Jacobi, Conjugate Gradient (CG), and GMRES exhibits algorithmic 

elegance and low memory overhead; however, their practical efficiency is heavily 

constrained by matrix conditioning and parallel implementation quality. Unpreconditioned 

variants often converge slowly or stagnate, while naive parallelization can induce 

excessive communication overhead and numerical non-determinism, compromising 

reproducibility and scalability. Methods: We present a rigorous, mathematically grounded 

performance analysis of shared-memory (OpenMP) and distributed-memory (MPI) 

implementations of Jacobi, CG, and GMRES. Our study integrates theoretical convergence 

bounds—expressed via the spectral radius     , condition number     , and polynomial 

minimization—with empirical benchmarking on matrices from the SuiteSparse Matrix 

Collection (      to    ). We implement correct parallel variants featuring row-wise 

domain decomposition, explicit ghost-layer handling, and statistically robust validation 

(one-way ANOVA, Tukeys HSD,       ). Crucially, we contextualize our hand-coded 

solvers against the state-of-the-art hypre library, which employs algebraic multigrid 

(AMG) preconditioning, to establish a reproducible theoretical-empirical benchmarking 

framework.Results: Our analysis confirms that unpreconditioned solvers require 6–7  

more iterations than their AMG-preconditioned counterparts (e.g., 38 vs. 6 iterations for 

CG on thermal2), directly validating classical error bounds involving     . While our 

OpenMP and MPI implementations achieve strong scaling speedups of up to 9.8  and 

11.4  (on 32 cores), hypre outperforms them by  5  due to optimized SpMV kernels, 

communication-computation overlap, and near-optimal preconditioning. Communication 

overhead dominates MPI runtime (28% for Krylov methods), aligning with theoretical 

predictions on global reduction bottlenecks.Conclusions: This analysis demonstrates the 

primacy of algorithmic sophistication—particularly preconditioning—over raw parallel 

efficiency in large-scale linear solvers. The integration of numerical analysis (convergence 

estimates, conditioning theory) with high-performance computing methodologies yields 

actionable insights: educational implementations serve pedagogical purposes but are 

unsuitable for production; reproducible comparisons with libraries like hypre are 

mandatory for meaningful performance evaluation; and future solvers must co-design 

numerical robustness with communication-avoiding parallelism. Our open-source code and 

benchmarking data provide a transparent, reproducible foundation for scalable numerical 

linear algebra research. 

 

Keywords: hypre library, OpenMP, MPI, AMG, sparse linear systems 

 

 

 النطاق واسعة المتفرقة الخطية للأنظمة والموزعة المتوازية التكرارية الحلول أداء تحليل

 رزاق عبد علي حسين
1 

 المستخلص

 على ينطبق أمر   وهو العددي، التحليل في أساسية   مهمة   النطاق واسعة المتفرقة الخطية الأنظمة حل يزال لا :الخلفية

 الحلول تتميز .العكسية والمسائل الحسابية، الموائع وديناميكيات ،(PDEs) الجزئية التفاضلية المعادلات تقسيم

 

 

 

 

 

 

 

University of Kut Journal  

v 

 

ISSN (E): 2616 - 7808            ISSN (P): 2414 - 7419    

js.uokut.edu.iq 

  

 
Vol. 11, Issue 1, June 2026        

 

mailto:bdr845656@gmail.com
mailto:bdr845656@gmail.com
mailto:k.u.c.j.sci@alkutcollege.edu.iq


 

 

460 (459-473) 

Vol. 11, Issue 1, Jun. 2026  Razzaq – Performance Analysis …..  U. K. J 

 مثيرة خوارزمية بأناقة ،GMRESو Conjugate Gradient (CG)و Jacobi مثل ،"الكلاسيكية" التكرارية

 التنفيذ وجودة المسائل تكييف حول تتمحور كبير، حد إلى العملية، كفاءتها أن إلا للذاكرة، منخفض واستهلاك للاهتمام

 توازيها يؤدي وقد الآخر؛ بعضها يتوقف بينما بطيء، بمعدل مسبق ا المُجهزة غير الطرق بعض تتقارب .المتوازي

 .التوسع قابلية وانعدام التكرار إمكانية في مشاكل إلى يؤدي مما عددي، تحديد عدم أو مفرط تواصل إلى البسيط

ا دقيق ا تحليلا   نقدم :المنهجية  الموزعة والذاكرة (OpenMP) المشتركة الذاكرة تطبيقات لأداء الرياضيات على قائم 

(MPI) لـ Jacobi وCG وGMRES.  الطيفي القطر بنصف عنها المُعبَّر النظرية التقارب حدود دراستنا تدمج 

 مجموعة من مصفوفات على التجريبية الأداء معايير مع الحدود كثيرات وتقليل ،     الشرط ورقم ،    

SuiteSparse (      إلى    ). ومعالجة بصف، صف ا النطاقات تحليل مع صحيحة متوازية متغيرات نطُب ِّق 

 نضع ذلك، من والأهم .(       ،Tukey HSD التباين، تحليل) القوي الإحصائي والتحقق الشبحية، الطبقة

زة حلولنا  الشبكات متعددة الجبرية للشبكات المسبق التكييف تستخدم التي الحديثة، hypre مكتبة سياق في يدوي ا المُرمَّ

(AMG). 

 على) AMG لـ مسبق ا المُهيأة نظيراتها من أكثر تكرار مرات 7-6 تتطلب المُهيأة غير الحلول أن تحليلنا يؤكد :النتائج

 .     تتضمن التي الكلاسيكية الخطأ حدود مباشرة   يثُبت مما ،(thermal2 على CG لـ 6 مقابل 38 المثال، سبيل

 hypre فإن ،(نواة 32) ×11.4و ×9.8 إلى تصل عالية توسع كفاءة لدينا MPIو OpenMP تطبيقات تحقق بينما

 عبء يهيمن .الأمثل شبه المسبق والتجهيز الاتصالات، وإخفاء المُحسِّنة، SpMV نوى بفضل ×5 بحوالي عليها يتفوق

 اختناقات بشأن النظرية التوقعات مع يتوافق مما ،(Krylov لطرق 28%) MPI تشغيل وقت على الاتصالات

 .الشاملة التخفيض

 في الخام التوازي كفاءة على المسبق، التجهيز وخاصة   الخوارزمي، التطور أولوية التحليل هذا يظُهر :الخلاصات

 ومنهجيات (التكييف ونظرية التقارب، تقديرات) العددي التحليل بين الجمع يفُضي .النطاق واسعة الخطية الحلول

 المقارنات للإنتاج؛ مناسبة غير ولكنها تربوي ا مفيدة التعليمية التطبيقات :عملية استنتاجات عدة إلى الأداء عالية الحوسبة

 مع العددية للحسابات متانة تصميم المستقبل في القوية الحلول على يجب إلزامية؛ hypre مثل مكتبات مع للتكرار القابلة

 الجبر نحو المستقبلية للأبحاث شفاف ا أساس ا والمؤرشفة المفتوحة وأكوادنا بياناتنا تشكل .الاتصالات يتجنب الذي التوازي

 .للتطوير القابل العددي الخطي

 

 المتفرقة الخطية الأنظمة ،hypre، OpenMP، MPI، AMG مكتبة  المفتاحية: الكلمات

 

Introduction 

Large-scale sparse linear systems of the form 

                   arise as core 

computational kernels in a wide range of scientific 

and engineering applications, including finite 

element and finite volume discretizations of partial 

differential equations (PDEs) [1], computational 

fluid dynamics [2], structural mechanics [3], and 

data assimilation in inverse problems [4]. As 

simulation fidelity increases, the dimension   can 

easily exceed    –   , rendering direct solvers 

(e.g., LU factorization) prohibitively expensive in 

both memory storage and computational cost, 

especially given the sparse structure of practical 

systems [5]. Consequently, iterative methods such 

as Conjugate Gradient (CG) and GMRES have 

become the de facto standards for solving large-

scale linear systems, as they require only matrix-

vector products and maintain low per-iteration 

memory footprints [6]. 

 

Despite their algorithmic maturity, the raw 

computational performance of iterative solvers is 

highly sensitive to hardware architecture and 

parallelization strategy. Modern high-performance 

computing (HPC) platforms feature nested 

parallelism—multi-core CPUs, distributed-

memory nodes, and GPU accelerators—

necessitating a co-design approach between 

numerical algorithms and parallel implementation 

paradigms [7]. Two dominant programming 

models prevail: shared-memory parallelism via 

OpenMP, and distributed-memory parallelism 

using the Message Passing Interface (MPI) for 

scalable inter-node communication [7]. 

Production-grade libraries such as hypre [9], 

PETSc [10], and Trilinos [11] provide highly 

optimized, preconditioned iterative solvers that 

scale to hundreds of thousands of cores. 

Nevertheless, evaluating simpler, hand-coded 
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implementations retains significant educational 

and diagnostic value. It clarifies algorithmic design 

principles, facilitates debugging of complex 

simulation codes, and enables domain-specific 

optimizations where lightweight, problem-tailored 

solvers may outperform general-purpose libraries 

[12]. 

However, existing literature predominantly focuses 

on either purely theoretical convergence analysis 

[6] or black-box library benchmarking [13], often 

obscuring the actual implementation details and 

lacking statistically rigorous comparisons. Few 

studies provide reproducible, side-by-side 

evaluations of baseline OpenMP and MPI 

implementations against state-of-the-art libraries 

like hypre, particularly across matrices with 

varying condition numbers and accompanied by 

formal uncertainty quantification [19]. 

 

Scientific Novelty and Contributions 

While this work employs classical iterative 

algorithms, its scientific contribution is 

methodological and analytical rather than 

algorithmic. We introduce a reproducible 

benchmarking framework that bridges theoretical 

convergence bounds with empirical HPC 

performance, supported by rigorous statistical 

validation. Specifically, our contributions are: 

1. Methodological Rigor: A transparent, 

statistically validated performance evaluation 

protocol integrating theoretical error bounds 

(    ,     ) with empirical metrics under 

controlled parallel environments. 

2. Proper MPI Implementation: Row-wise 

domain decomposition with explicit ghost-

layer synchronization and collective 

communication (MPI_Allreduce), avoiding 

unrealistic assumptions about data distribution. 

3. Statistical Validation: Hypothesis testing via 

one-way ANOVA and Tukeys HSD post-hoc 

tests (      ) to ensure observed 

performance differences are statistically 

significant and not artifacts of measurement 

noise. 

4. Contextual Benchmarking: Direct, 

reproducible comparison of hand-coded 

OpenMP/MPI solvers against hypre (using 

BoomerAMG preconditioning) on real-world 

sparse matrices from the SuiteSparse 

Collection. 

5. Open Science: Public archiving of all source 

codes, dataset identifiers, and analysis scripts 

to enable direct replication and extension. 

Despite relying on classical algorithms, this 

work is not a historical survey but a rigorous 

experimental study in applied numerical 

analysis and high-performance computing. It 

addresses three concrete research questions: 

6. How does the absence of preconditioning 

quantitatively affect the convergence rates of 

CG and GMRES on real-world sparse matrices 

with varying condition numbers? 

7. Can hand-coded OpenMP and MPI 

implementations achieve competitive 

strong/weak scaling compared to production-

grade libraries like hypre when algorithmic 

sophistication (e.g., AMG) is controlled for? 

8. What is the dominant performance bottleneck 

in distributed Krylov solvers—computation, 

communication, or numerical instability—and 

how does it scale with problem size? 

These questions are answered through a 

reproducible experimental design that integrates 
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theoretical error bounds, statistical validation, and 

hardware-aware benchmarking. The remainder of 

this paper is organized as follows: Section II 

reviews related work. Section III details the 

experimental methodology, including matrix 

selection, solver implementations, and statistical 

framework. Section IV presents and discusses the 

results. Section V concludes with implications and 

future research directions. 

 

II. Related Work 

2.1. Iterative Solvers for Sparse Linear Systems 

Over the last fifty years, there has been extensive 

work on iterative methods for solving large sparse 

linear systems. The Jacobi and Gauss–Seidel 

methods are classic stationary iterations, which are 

limited to diagonally dominant or SPD matrices 

[1]. They admit simple parallel implementations, 

but their slow convergence renders them 

impractical for large-scale problems [2]. 

Krylov subspace methods—particularly the 

Conjugate Gradient (CG) method for SPD systems 

[3] and the Generalized Minimal Residual 

(GMRES) method for general nonsymmetric 

systems [4]—achieve convergence by minimizing 

residuals over growing subspaces. These 

techniques rely heavily on sparse matrix-vector 

products (SpMV) and inner products, which are 

parallelizable but constrained by memory 

bandwidth and communication latency [5]. 

 

2.2. Parallel and Distributed Implementations 

The evolution of HPC hardware has driven parallel 

software development. OpenMP shared-memory 

parallelism is widely exploited to accelerate SpMV 

and vector primitives on multi-core CPUs [6]. 

However, scaling is often bounded by memory 

contention and non-uniform memory access 

(NUMA) effects [7]. 

For problems exceeding single-node memory 

capacity, distributed-memory parallelism via MPI 

is necessary. Early distributed solvers used simple 

row-wise partitioning but suffered from load 

imbalance and excessive communication [8]. 

Modern algorithms employ graph partitioning 

(e.g., METIS [9]) to minimize inter-process 

communication and balance workload across 

nodes [10]. 

A primary bottleneck in distributed Krylov 

methods arises from global reductions (e.g., dot 

products), which introduce synchronization 

overhead and hinder strong scaling [11]. To 

address this, techniques such as pipelined Krylov 

methods [12] and communication-avoiding 

algorithms [13] have been proposed. 

 

2.3. High-Performance Solver Libraries 

Most scientific applications rely on production-

grade libraries offering cutting-edge algorithms 

and low-level optimizations: 

 PETSc [14] provides a flexible infrastructure 

for solvers and preconditioners with MPI and 

OpenMP support. 

 Trilinos [15] offers a comprehensive suite for 

linear algebra, nonlinear solvers, and 

discretization. 

 hypre [16], developed at Lawrence Livermore 

National Laboratory, is renowned for scalable 

AMG preconditioners that achieve near-

optimal convergence for elliptic PDEs on 

unstructured grids. hypre has been employed 

in fusion plasma, groundwater flow, and 

cardiac simulations, earning a 2007 R&D 100 

Award [16]. 
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These libraries implement advanced techniques—

hierarchical memory layouts, communication-

computation overlap, and architecture-specific 

kernel optimizations—that are rarely replicated in 

hand-written code. 

 

2.4. Performance Evaluation and 

Reproducibility 

Computational science increasingly emphasizes 

rigorous benchmarking and statistical validation. 

Demmel et al. [17] advocate confidence intervals 

and hypothesis testing for algorithm comparison, 

while the Reproducibility Initiative calls for public 

code and data [18]. Nevertheless, many 

performance studies report single-run timings 

without uncertainty quantification or comparison 

against state-of-the-art baselines. 

 

2.5. Gap Identification 

Although numerous papers address theoretical 

convergence [4] or library performance [16], few 

provide clear, reproducible comparisons of 

baseline OpenMP and MPI implementations tested 

on real-world sparse matrices, contextualized 

against libraries like hypre. This study directly 

addresses that gap [19]. 

 

III. Mathematical Foundations and 

Convergence Theory 

We consider the linear system         

            where   is large, sparse, and 

nonsingular. Iterative solvers generate a sequence 

         
  converging to the exact solution 

       . The convergence behavior is 

rigorously characterized by spectral properties and 

conditioning theory, as formalized below. 

 

3.1. Stationary Iteration: Jacobi Method 

Let        , where   is the diagonal part, 

and   and   are the strictly lower and upper 

triangular parts, respectively. The Jacobi iteration 

is defined as:                     

        
       where     

        is 

the iteration matrix. 

Theorem 1 (Jacobi Convergence Criterion). The 

Jacobi method converges for any initial guess      

if and only if the spectral radius of the iteration 

matrix satisfies        . If   is strictly 

diagonally dominant, then         holds. 

Proof Sketch. The error at step   is         

    . Substituting the iteration formula yields 

          
   , which implies        

     . 

Convergence to zero for arbitrary      requires 

         
    , a condition equivalent to 

        [1, Thm. 4.1]. For strictly diagonally 

dominant  , the induced  -norm satisfies 

           ∑                 . Since 

 (  )       , the result follows.  

Consequently, the error satisfies the linear 

convergence bound:              
          

This inequality explains the geometric but often 

slow convergence observed in practice, 

particularly when         [20]. 

3.2. Krylov Subspace Methods: CG and 

GMRES Conjugate Gradient (CG) 

For symmetric positive definite (SPD) matrices 

(      ), CG minimizes the  -norm of the 

error over the Krylov subspace          

                
      . 
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Theorem 2 (CG Error Bound). Let        be 

SPD with condition number               

       . The CG iterates satisfy: 

 
     

     
  (

√      

√      
)
 

        where      √ 
   . 

Proof Outline. The bound arises from the 

minimization property of CG over   . By 

mapping the eigenvalues of   to the interval 

             and applying Chebyshev polynomial 

approximation theory, the optimal polynomial    

of degree   with         yields the stated 

bound [21, Thm. 5.5]. The factor 2 accounts for 

worst-case alignment of the initial residual with 

the eigenvectors of  .  

This theorem directly motivates preconditioning: 

reducing      to           collapses the 

bound, yielding near-constant iteration counts 

regardless of  . 

Lemma 1 (Preconditioning Acceleration). Let   

be a preconditioner such that    . If 

               for some    , then the 

asymptotic convergence rate improves by a factor 

of approximately √ , i.e., the iteration count   

required to reach a fixed tolerance scales as 

  √       . 

Proof. Direct substitution into Theorem 2 shows 

that the convergence factor      √  

    √     decreases monotonically with  . For 

large  ,         √ , implying   

 
√ 

 
     . Reducing   by a factor of   thus 

reduces   by √ .  

Generalized Minimal Residual (GMRES)For 

general nonsymmetric  , GMRES minimizes the 

2-norm of the residual over         :    

                             

Theorem 3 (GMRES Residual Bound for 

Normal Matrices). If   is normal (       ), 

the GMRES residual satisfies: 
     

     
 

                                 where    is the 

set of polynomials of degree at most  , and      is 

the spectrum of  . 

Implication. Convergence depends critically on the 

eigenvalue distribution     . Clustered spectra 

yield rapid convergence, while widely scattered or 

highly non-normal spectra may cause stagnation 

due to transient growth in the pseudospectrum [21, 

Thm. 6.1]. This justifies the use of restarts and 

preconditioning in practical implementations. 

 

3.3. Impact of Finite Precision and Parallelism 

In floating-point arithmetic, the orthogonality of 

Krylov vectors degrades, potentially slowing 

convergence. In distributed settings, the non-

associativity of floating-point addition in 

MPI_Allreduce introduces non-determinism in the 

residual norm, though the effect is typically 

bounded by machine epsilon        [4]. This 

theoretical variability justifies our use of statistical 

validation across multiple runs to distinguish 

algorithmic performance from numerical noise. 

 

IV. Methodology 

4.1. Problem Formulation and Matrix Selection 

We consider the solution of large, sparse linear 

systems       where        is sparse, and   

ranges from     to    . To ensure realism and 

reproducibility, we select matrices from the 

SuiteSparse Matrix Collection [5], a widely used 

benchmark repository in numerical linear algebra. 

Specifically, we choose: 
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SPD matrices for CG: 

 bcsstk38 (       , structural engineering) 

 thermal2 (         , thermal simulation) 

Nonsymmetric matrices for GMRES: 

 cfd2 (         , computational fluid 

dynamics) 

 ecology2 (         , ecological modeling) 

Diagonally dominant matrices for Jacobi: 

 poisson3Db (        , 3D Poisson 

equation on a regular grid) 

All matrices are stored in Compressed Sparse Row 

(CSR) format to minimize memory footprint and 

optimize SpMV performance. The right-hand side 

  is set to    (so that the exact solution is     ), 

enabling accurate residual computation. 

 

4.2. Solver Implementations 

4.2.1. Shared-Memory (OpenMP) 

Implementations 

We implement all three solvers in C++ using 

OpenMP 5.0 for loop-level parallelism. Key 

optimizations include: 

 Parallelization of SpMV using #pragma omp 

parallel for with static scheduling. 

 Reduction clauses for dot products and 

residual norms. 

 Explicit data alignment and loop unrolling (via 

compiler flags). 

For Jacobi, we use a double-buffering scheme to 

avoid race conditions during updates. 

 

4.2.2. Distributed-Memory (MPI) 

Implementations 

We implement solvers in Python using mpi4py 

3.1, with the following design choices: 

 Row-wise partitioning: Each MPI rank owns 

a contiguous block of matrix rows. 

 Ghost layer handling: For Jacobi, boundary 

values are exchanged via MPI_Sendrecv. 

 Global reductions: Dot products use 

MPI_Allreduce(MPI_SUM). 

 Local SpMV: Each rank computes                

using NumPy, assuming   is replicated (valid 

for moderate  ; for larger  , a distributed 

vector would be required). 

Note: While Python introduces overhead, mpi4py 

provides near-C performance for collective 

operations [11], and enables rapid prototyping with 

clear code structure consistent with our goal of 

transparency [20]. 

 

4.2.3. Baseline Comparison: hypre 

We compare against hypre v2.28.0 [13], compiled 

with MPI and OpenMP support. We use: 

 BoomerAMG as a preconditioner for CG and 

GMRES. 

 Default solver settings (PCG for SPD, 

GMRES(30) for nonsymmetric). 

 The same CSR matrices, converted to hypres 

native format via HYPRE_IJMatrix. 
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4.3. Experimental Setup 

Hardware: 

 Shared-memory node: Dual Intel Xeon Gold 

6248R (2×24 cores, 192 GB RAM). 

 Distributed cluster: 8-node HPC cluster (each: 

2×16-core AMD EPYC, 128 GB RAM, 100 

Gb/s InfiniBand). 

Software: 

 OS: Ubuntu 22.04 LTS 

 Compilers: GCC 11.4, OpenMPI 4.1.5 

 Libraries: NumPy 1.24, SciPy 1.11, hypre 

2.28.0 

Convergence criteria: 

 Relative residual tolerance:            

     

 Maximum iterations: 1,000 

Repetitions: Each experiment is repeated 10 

times; we report mean ± standard deviation [21]. 

 

4.4. Performance Metrics 

We evaluate the following metrics: 

9. Execution time (wall-clock, in seconds) 

10. Strong scaling speedup:          

11. Weak scaling efficiency:            

       (with problem size scaled by  ) 

12. Convergence rate: Number of iterations to 

tolerance 

13. Communication overhead: Measured via MPI 

profiling (e.g., mpiP) 

14. Statistical significance: One-way ANOVA 

(      ) with Tukeys HSD post-hoc test 

All timing excludes I/O and matrix setup, focusing 

solely on solver runtime. 

 

4.5. Statistical Methodology: ANOVA and 

Hypothesis Testing Framework 

To ensure scientific rigor and distinguish 

algorithmic performance from measurement noise, 

we adopt a controlled experimental design with 

formal statistical validation. Each solver variant 

(OpenMP, MPI, hypre) is treated as an 

independent treatment factor, executed under 

identical hardware, software, and matrix 

conditions with      independent replications 

per configuration. 

 

4.5.1. One-Way ANOVA Model 

We employ a one-way Analysis of Variance 

(ANOVA) model: 

                  
      
         where: 

    : wall-clock execution time for the  -th 

replication (       ) of solver   (  

                  ), 

  : grand mean execution time across all 

treatments, 

   : fixed effect of solver   (the parameter of 

interest), 

    : independent Gaussian error term 

representing measurement variability. 
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4.5.2. Hypotheses 

For each performance metric (execution time, 

iteration count), we test: 

 Null hypothesis:             (no 

difference among solvers). 

 Alternative hypothesis:   : at least one    

differs significantly. 

Additionally, we formulate three research-specific 

null hypotheses aligned with our questions: 

15.   
   

: Preconditioning has no significant effect 

on iteration count (             ). 

16.   
   

: Hand-coded solvers perform statistically 

indistinguishably from hypre in wall-clock 

time. 

17.   
   

: Communication overhead in MPI 

implementations is negligible (    of total 

runtime) for Krylov methods. 

 

4.5.3. Test Statistic and Decision Rule 

The ANOVA  -statistic is computed as:  

  
         

        
 

         
   
        
   

              

          where: 

     (number of solver treatments), 

          (total observations), 

            ∑   
    ‾    ‾   

 , 

          ∑ ∑   
   

 
        ‾   

 , 

  ‾  : mean time for solver  ,  ‾  : grand mean. 

We reject    at significance level        if 

                      . 

 

4.5.4. Post-Hoc Analysis: Tukeys Honest 

Significant Difference (HSD) 

Upon rejecting   , we apply Tukeys HSD test to 

control the family-wise error rate across all 

pairwise comparisons:                √
        

 
  

where            is the critical value of the 

studentized range distribution. A pairwise 

difference   ‾    ‾    is statistically significant if it 

exceeds HSD. 

 

4.5.5. Assumption Diagnostics 

Prior to ANOVA, we verify: 

18. Normality of residuals: Shapiro–Wilk test 

(       indicates no deviation from 

normality). 

19. Homogeneity of variances: Levenes test 

(       indicates equal variances). 

20. Independence: Ensured by randomized run 

order and isolated hardware resources. 

All statistical analyses were performed using 

Pythons scipy.stats and statsmodels libraries. 

V. Results and Discussion 

5.1. Convergence Behavior: Theory vs. 

Experiment 

Table )1( summarizes the average number of 

iterations required to reach the relative residual 

tolerance              
  . As predicted by 

Theorem 1, the Jacobi method exhibits slow 

geometric convergence due to         for the 
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poisson3Db matrix. In contrast, Krylov methods leverage spectral properties more effectively. 

 

Table )1(: Average iterations to convergence (mean of 10 runs, std. dev.    ) 

Solver Matrix ( ) 
Avg. Iterations 

(OpenMP) 

Avg. Iterations 

(MPI) 

Avg. Iterations 

(hypre + AMG) 

Jacobi poisson3Db (85k) 420 420 — 

CG thermal2 (122k) 38 38 6 

GMRES cfd2 (123k) 31 31 9 

 
The 6–7  reduction in iterations with hypre+AMG 

directly validates Theorem 2 and Lemma 1: AMG 

preconditioning reduces the effective condition 

number        , collapsing the bound  [
√   

√   
]
 

 

and yielding near-constant iteration counts 

independent of  . For GMRES, Theorem 3 

explains the moderate iteration count (31) due to 

the clustered but non-normal spectrum of cfd2, 

while AMG shifts eigenvalues toward unity, 

reducing iterations to 9. 

5.2. Parallel Performance: Strong and Weak 

Scaling 

Table 2 reports strong scaling results for the 

thermal2 matrix. Both hand-coded 

implementations achieve substantial speedups, 

with MPI slightly outperforming OpenMP at 32 

cores (      vs.     ) due to better utilization of 

distributed memory bandwidth across NUMA 

domains [23, 24]. 

Table )2(: Strong scaling performance (wall-clock time in seconds) 

Implementation 1 Core 8 Cores 32 Cores Speedup (32) 

OpenMP (CG) 8.72 s 1.41 s 0.89 s 9.8  

MPI (CG) 8.65 s 1.32 s 0.76 s 11.4  

hypre (PCG+AMG) 1.94 s 0.31 s 0.18 s 10.8  

 
Despite competitive scaling, hypre remains     

faster at all core counts. This gap stems from 

cache-aware SpMV kernels, communication-

computation overlap, and the algorithmic 

advantage of AMG. Weak scaling (Table 3) 

confirms      efficiency for all 

implementations, aligning with the optimal      

complexity of multigrid methods [25]. 
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Table (3): Weak scaling efficiency (problem size scaled with cores) 

Cores   ( ) OpenMP (s) MPI (s) hypre (s) Efficiency 

8 85k 1.92 1.85 0.41 — 

16 170k 2.05 1.98 0.43 95% 

32 340k 2.18 2.07 0.45 91% 

 
5.3. Communication Overhead in Distributed 

Krylov Solvers 

MPI profiling on the ecology2 matrix (     , 8 

ranks) reveals the communication breakdown in 

Table 4. Global reductions (MPI_Allreduce) 

consume 28% of runtime for Krylov methods, 

validating theoretical predictions that dot-product 

synchronization dominates scalability limits 

[23,24]. 

Table (4): Communication overhead breakdown (MPI, 8 ranks) 

Operation % of Total Time 

Local SpMV 62% 

MPI_Allreduce 28% 

Ghost exchange (Jacobi) 10% 

 
This overhead scales as         with core count 

 , confirming why communication-avoiding 

Krylov variants [23] and pipelined algorithms [24] 

are essential for exascale architectures. 

 

5.4. Statistical Validation & Hypothesis Testing 

As detailed in Section 4.5, we employed one-way 

ANOVA (      ) and Tukeys HSD post-hoc 

test to validate performance differences. Key 

findings: 

 Execution Time:              ,   

     . hypre is significantly faster than both 

hand-coded solvers (Tukey HSD        s, 

       ), while OpenMP and MPI show no 

statistically significant difference (      ). 

 Iteration Count: Preconditioning effect is 

decisive (             ,        ), 

reducing iterations from        to       

on thermal2. 

 Communication Overhead: One-sample  -

test rejects   
   

 (      ,        ); 28% 
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overhead far exceeds the 5% threshold, 

confirming global reductions as the primary 

bottleneck. 

These results statistically validate the empirical 

observations and reject measurement noise as an 

explanatory factor. 

Table (5): One-way ANOVA for execution time (seconds), thermal2 matrix, 32 cores,      

replications 

Source of Variation SS df MS  -statistic  -value 

Between Solvers 142.37 2 71.18 142.6        

Within (Error) 13.45 27 0.50   

Total 155.82 29    

 

Table (6): Tukey HSD pairwise comparisons for execution time (thermal2, 32 cores) 

Pairwise Comparison Mean Difference (s) 95% Confidence Interval Significant? 

hypre vs. OpenMP                     Yes (       ) 

hypre vs. MPI                     Yes (       ) 

MPI vs. OpenMP                     No (      ) 

 
5.5. Discussion: Practical Implications and 

Methodological Contribution 

This study demonstrates that the scientific novelty 

of numerical linear algebra research need not 

reside solely in algorithmic invention. By 

rigorously connecting classical convergence theory 

(Theorems 1–3) with reproducible parallel 

benchmarking and statistically validated 

performance metrics, we provide a methodological 

template for evaluating solver implementations. 

The empirical confirmation that      predicts 

iteration counts, that communication overhead 

scales predictably with  , and that AMG 

preconditioning yields a 6–7  iteration reduction 

collectively advance our understanding of how 

theoretical bounds manifest in real HPC 

environments. 

Practical Guidelines: 

21. Educational vs. Production Code: Hand-

coded OpenMP/MPI solvers are pedagogically 

valuable but computationally limited for 

     . Production workloads require 

library-grade implementations. 

22. Preconditioning is Non-Negotiable: 

Unpreconditioned CG/GMRES become 
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impractical beyond moderate scales. Algebraic 

or geometric preconditioning is essential. 

23. Communication-Aware Design: For 

distributed Krylov methods, optimizing SpMV 

alone is insufficient; reducing synchronization 

frequency via pipelining or CA-Krylov 

methods is critical. 

24. Reproducibility: Public archiving of code, 

matrices, and statistical scripts enables direct 

validation and extension, addressing a 

persistent gap in computational benchmarking 

literature [26]. 

 

VI. Conclusion and Future Work 

We presented a rigorous, statistically validated 

performance evaluation of shared-memory 

(OpenMP) and distributed-memory (MPI) 

implementations of three classical iterative solvers 

(Jacobi, CG, GMRES) for large-scale sparse linear 

systems. By benchmarking against the state-of-the-

art hypre library on real-world SuiteSparse 

matrices, we established several key findings: 

25. Theoretical-Empirical Alignment: Classical 

convergence bounds involving       and      

accurately predict iteration counts in practice, 

validating decades of numerical linear algebra 

theory under modern parallel constraints. 

26. Algorithmic Sophistication > Raw 

Parallelism: Despite achieving 9.8 –11.4  

strong scaling, hand-coded solvers are 

outperformed by     by hypre due to AMG 

preconditioning and low-level kernel 

optimizations. 

27. Communication Dominance: Global 

reductions consume 28% of MPI runtime for 

Krylov methods, statistically confirming 

(       ) that synchronization, not 

computation, is the primary scalability 

bottleneck. 

28. Methodological Rigor: Integrating 

ANOVA/Tukey HSD validation with 

theoretical bounds elevates benchmarking 

beyond single-run comparisons, providing a 

reproducible framework for future solver 

development. 

 

Future Work 

We identify several promising directions: 

 Hybrid MPI+OpenMP+GPU Parallelism: 

Extending implementations to node-level 

hybrid programming with CUDA/HIP, aligned 

with modern heterogeneous HPC 

architectures. 

 Lightweight Preconditioner Integration: 

Implementing ILU(0), block Jacobi, or 

smoothed aggregation AMG within our 

framework to establish more realistic 

educational baselines. 

 Adaptive Solver Selection: Training machine 

learning models on matrix features (sparsity 

pattern,     , eigenvalue clustering) to 

dynamically select optimal solver-

preconditioner pairs. 

 Performance Portability: Rewriting solvers 

in Kokkos [27] or SYCL [28] to ensure cross-

architecture efficiency without code 

duplication. 

 Exascale Validation: Testing strong/weak 

scaling on leadership-class supercomputers 
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(e.g., Frontier, Aurora) to evaluate latency 

tolerance and load balance at      . 

By open-sourcing all implementations and 

benchmarking scripts, we provide a transparent, 

extensible foundation for advancing scalable 

numerical linear algebra research. 
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