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Analysis and Investigation of fractional time Schrddinger equations

Falih Naeem Swadi Albarki *

Abstract

In this paper , the time-fractional nonlinear Schrddinger differential equations are solved
using Jacobi's space-time spectral coherence technique (JSC method) under suitable
beginning and boundary conditions. The examined issue is first converted into a related
system of single weak kernel non-linear integral partial differential equations with the
definition and characteristics of integral and fractional derivative operators. Thus the issue
reduces to a collection of nonlinear algebraic equations by integrating the system
associated with integral differential equations in both spatial and temporal variables
together with the approximation of the integral in the equation using Jacobi Gauss
quadratic method. Several reliable iterative solutions may be used to solve the problem.
Examining the suggested method's convergence, After the study's conclusion, we
computed their soft L2 and soft L1 and gave a few numerical examples.

Keywords: Convergence analysis, fractional time Schrédinger equation, cumulative Jacobi
spectral method, least Gaussian method
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1. INTRODUCTION
Schrodinger's equation plays an essential role in of changes in physical
explaining the concepts of quantum physics. In temperature  changes)

fact, this equation provides an elegant expression
expressed as follows [1]:

ia"l[)(x. y.t)

*P(x.y.t) *P(x.y.t)
Py aq + a

dx? ay?

0<ﬂ<1 (xyt)EQl><QZXQ3 (1)

These are the starting (time) circumstances:
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in  quantum  states.

Schrodinger's equation in time fraction state is

+ylpxy. )2 P(x.y.b).
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Y(x.y.0) = {1(x.y).

xy) €Q; xQ (2

And the (spatial) boundary conditions are considered as follows:

Y(0.y.t) = {(y.0).
P(x.0.t) = 4(x. 0).

In this article, we want to find an approximation of
its solutions in terms of second-order Gaussian
functions after rewriting Schrddinger's equation

from the complex state to the real state, using

a™g(7)
ar ™
sm(9@) =

g™ (s)

1 fT
I(m-p) 70 (z—s)p-m+1

Y(L1.y.t) =33(y.1). (v.1) € Qy X Q3.
ll)(x. Lz. t) = (5(.x. t) (x. t) S Ql X .Q3

@)

derivative and fractional integral operators. First,
we remind that the derivative of a fraction is
defined as follows from Caputo's point of view:

u=meN.
(4)

m-1<u<m.

And Riemann-Liouville's fractional integral is also defined as follows:

1
1§(D)

E(g(m)=

Of course, there are other equivalent definitions.

As we expect, these two definitions are somewhat

ar -1 (i ‘
I (29@) = 9@ -3r5 gO@F. m-1<p<m

So far, various methods have been proposed to
investigate fractional differential equations. In
differential and integral calculus, we face
derivatives and integrals of arbitrary order (and not
the

derivatives have been used in a great deal of

necessarily correct order). Fractional
scientific and technical challenges in recent years.
Numerous writers have reviewed applications of
integral and differential calculus. For instance, the
nonlinear oscillation model of an earthquake is
studied using differential calculus and fractional
integral.. Also, dynamic traffic models use this
tool. They profit from these notions in the
following areas: economics, signal processing,
control theory, statistical chain mechanics, solid
of numerous

mechanics, oscillatory behavior

elastic materials, and interactions between

Jy@—s)r1g(s)ds.

s>0 ()

opposite of each other. In fact, it is proved that:

(6)

nanoparticles, among others[2].

The reason for the widespread use of differential
calculus and fractional integral is that in nature,
phenomena are not only dependent on the present
time, but also on previous moments, and the
equations including fractional derivative and
integral provide a better expression of them[3].
The mathematical formulation of many of the
mentioned phenomena includes non-linear integral
equations in the fractional state. Most of these
equations do not have exact analytical solutions, so
numerical and approximate methods are suggested
to find their approximate solutions[4].

In this article, we examine a group of non-linear
fractional integral equations of the Schrodinger
type and provide appropriate numerical methods

for them. The existence of solutions, both local
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and general, as well as unique solutions of integral
equations with given initial conditions, have been
investigated and presented.

There are various methods for solving integral
equations with fractional derivative, such as
change of variable, decomposition method,
iterative method, homotopy perturbation method,
wavelet method, and Taylor expansion method[4].
The wave approach appears to be the most
appealing and versatile of these techniques. The
wave theory has been applied extensively in many
scientific and engineering domains in recent years.
To put it simply, wavelet uses quick numerical
techniques to accurately represent a variety of
functions, operators, and their relationships [5].
Polynomial series and orthogonal functions are
particularly effective in this sense. This method's
primary benefit is that it makes it easier to solve
systems of algebraic equations. As a result, there is
much room for solution to these issues. Numerous
wavelet types, including the Legendre wavelet,
Legendre multiple wavelet, Harr wavelet,
Chebyshev wavelet, and others, are frequently
employed in the numerical solution of non-linear
integral differential and

equations, equations,

integral equations among other types of
equations[6].

It should be noted that every equation in the list is
of integer order. Numerical solutions based on
wavelet theory have been offered only in a small
number of particular circumstances for integral
equations with erroneous order. Often, the author
proposes a wavelet-based numerical method for
solving fractional integral equations and compares
its numerical solution with its exact solution [7].

In short, due to the lack of a complete and
for such

comprehensive analytical solution

equations, often and inevitably, appropriate

numerical and approximate solutions are suggested

to estimate their solutions, which this article, from
the perspective of Jacobi and functions Gaussian is
used for this purpose. Of course, the appropriate
solution of the resulting non-linear device is also a
significant issue, and here, we use appropriate
iterative methods to solve it [8].

Fractional derivative and fractional integral
operators are among the newest and most

important tools in mathematical analysis and

numerical analysis. In this thesis, we first
introduce Caputo's fractional derivative and
Riemann-Liouville's  fractional integral and

examine their basic properties [9].
Then, with the help of fractional derivative and
fractional integral operators, we present a simple

calculation method for solving and checking a

group of fractional differentials and integral
equations [10].
Also, we calculate the operational matrix

corresponding to the fractional derivative and
fractional integral operators and use it to convert
the desired equation into a device of non-linear
equations[10].
In the end, we test the presented method based on
applications and numerical results and compare it
with previous methods. This comparison shows
that the method presented in this article is more
effective and more accurate than the previous
methods [11].
Using Jacobi time-space perspective can
effectively improve the accuracy and speed of
calculations. Using this perspective, we first divide
all of the functions in the equation—known and
their
Then,

equation as a differential equation with partial

unknown—into real and imaginary

components.. we rewrite the desired
derivatives from Caputo's point of view. In the
following, we apply Riemann and Liouville

integral operators on both sides of the equation.
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With this work, the desired equation becomes a
system of partial differential equations of the
Volterra type with weak kernels and initial

conditions[12]. Finally, the desired issue is
reduced to a set of non-linear equations by
integrating the temporal and spatial variables
together and estimating the integrals that already
exist with the use of Gaussian quadratic laws. For
example, Newton's method and appropriate
iterative techniques can be used to solve the

resultant non-linear device.

2. RELATED WORK

In the theory of quantum mechanics, Schrodinger's
equation represents a major advancement[12]. This
equation gives a strong differential structure
associated with quantum system changes when
quantum influences become significant.

It should be noted that the first order and correct
order spatial partial derivatives are used to
represent this equation in its classical form. In
kind of

Schrédinger equation can more accurately depict

practical applications, the fractional

physical and chemical phenomena because
fractional differential operators are non-local[13].
[14] presented the idea of Schrddinger's fractional
equation, which extends the Feyman route integral.
Schrédinger's fractional equations are nonlinear,
complicated, and nonlocal, making classical
PDEs.

However, it is crucial for researchers to solve these

approaches ineffective for solving
equations in order to have predictable behavior and
accurately simulate occurrences. Thus, in order to
effectively compute the solution of fractional
Schrédinger equations, numerical and analytical
approaches are to be investigated and extended
[15].

Scientists have put forth a number of analytical

and numerical techniques in recent years to solve

Schrédinger's  fractional equation. Homotopy
analysis (HAM) is one analytical technique that
might be considered [6]. Any nonlinear PDE may
be solved analytically using extremely basic
techniques that don't include any discretization or
linearization steps. However, these approaches
have the drawback of being time-consuming.
Because these methods use symbols to carry out
the integration and differentiation processes. In the
meanwhile, two effective tools in numerical
techniques that accelerate (and shorten computing
time) the differentiation and integration processes
are Gaussian quadrature rules and differentiation
Additionally,

solutions to these equations and schemes depend

operational matrices.. since the
on the right-hand operator functions and maintain
their behavior, software-free solutions can be
computed in some numerical approaches, such as
Krylov subspace methods, without the need for
regularization tools[7]..

find it

appealing to use numerical approaches. Low-order

Consequently, researchers more
numerical approaches, such as kernel reproduction
methods [13]. and local discontinuous Galerkin
(DG) [11],

numerical techniques..

might be mentioned among the
Recently, the idea of
solving the Dinger and Schrodinger equations in a
fraction of the time was put out. Note that, because
fractional differential operators are global, it is best
to solve the studied equations with specific global
numerical methods. Considering that, to solve a
partial differential equation (PDE), the time
variable is discretized using global techniques like
the radial basis function harmonic technique, In
order to tackle nonlinear fractional parabolic time
problems, spatial variables are localized using
methods such Galerkin Finite Element

Methods (FEMs) [14]. [13]

local

the application of

138 (135-153)



Falih — Analysis and .....

.K.J

Vol. 11, Issue 1, Jun. 2026

finite difference techniques (FDM) can lead to an

unbalanced numerical scheme with spectral
accuracy in the space variable and low-order
algebraic precision in the time variable. Thus, a
balanced numerical technique with spectrum
precision in both temporal and spatial dimensions
Galerkin

techniques make it simple to implement fractional

is desirable to suggest. Spectral
differential equations (FDEs), particularly when
solving nonlinear FDEs. These techniques have
shown effective in solving integral equations (IES)
via accurate convergence analysis, fractional
nonlinear boundary value problems (BVPs) [9],
and FDEs with non-smooth regularized solutions..
Furthermore, Schrddinger's fractional equations
were only solved numerically by the author in[7].
via the spectral integration approach described in
[12]. Additionally, to solve the nonlinear fractional
time multidimensional Schrédinger equation,
implicit alternating direction (ADI) methods and a
linearized L 1-Galerkin finite element approach are
presented, respectively. To the best of the authors'
knowledge, nonlinear time-fractional Schrédinger
equations have not been solved much using
Jacobian space-time spectral coherence approaches
(backed by an accurate convergence analysis). Our
conclusion is that a balanced approach to solving
the fractional-time Schrddinger equations is what
we propose: a Jacobian spectral alignment system
with a comprehensive convergence analysis and
spectral accuracy in both temporal and spatial

dimensions.

3. JACOBI'S METHOD FOR CHECKING
DIFFERENTIAL EQUATIONS

Calculation accuracy and speed can be effectively

increased by wusing the Jacobi time-space
viewpoint. First, we divide all of the functions in
the equation—known and unknown—into their
real and imaginary components according to this
viewpoint. Next, using Caputo's perspective, we
recast the desired problem as a differential
equation with partial derivatives. Riemann and
Liouville integral operators are applied on both
sides of the equation in the following. This
approach transforms the desired problem into a
Volterra-type differential

system of partial

equations with weak Kkernels and starting
conditions.. Finally, the desired issue is reduced to
a set of nonlinear equations by integrating the
temporal and spatial variables together and
estimating the integrals that already exist with the
use of Gaussian quadratic laws. The resultant
nonlinear device can be solved, for instance, using
appropriate iterative techniques and Newton's

method.

We now go over these procedures in further depth.
First, we divide each function in the Schrddinger
equation into its real and imaginary components,
including both known and unknown functions. In

terms of mathematics, we have:
Yy=u+iv. R=f+ig. {4=91+1g>.
(2=93tigs. {3=9s5+igs.
(4=9g7tigs. (5= 99+ igio. (7)

With this rewriting, the main equation becomes as

follows:
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[(0*u *v *v 2 2
i W—alﬁ—aza—yz—y(u +vi)v—68g |-
=0
u _  atv
g~ Moz
_¥v _
ot 1ax2

which are considered under the following basic

oMtv

9%u %u

y(u? +v¥)u+ 8f>

(8

0tﬂ+a16 2+azay2

+aza 2+y(u +v*)v+8g. (9)

= “+a, 0_2 +y(u® +v*)usf (10)

conditions:
u(x.y.0) = g;(x.y). v(x.y.0) = g,(x.y). (x.y) € 21 X 25. (11)
u(0.y.t) = g3(y.t). v(0.y.t) = g4(y.0). (12)
u(Ly.y.t) = gs(y.t). v(Ly.y.t) = g¢(y.t). (y.t) € 25 X 23. (13)
u(x.0.t) = g;(x.t). v(x.0.t) = gg(x.t). (14)
u(x.Ly.t) = go(x.t). v(x.Ly.t) = g1o(y.t). (x.t) € 2 X 023. (15)

Considering this issue, equations (9)- (10) and
(11)- (15) are equal to equations (2) and (3).
Therefore, instead of the numerical solution of (2)
and (3), we calculate the numerical solution of (9)-
(10) and (11)- (15) using the Jacobian spectral
interpolation method. Before the space-time

coherence method, we first convert the equations

(9)-(20) into the system related to Volterra integral
differential equations with a weak single kernel by
using the Riemann and Liouville fractional
integrals of p order. In the following, we apply
Riemann and Liouville integral operators on both
sides of the equation. We remind you that this

integral operator is defined as follows:

u(x.y.t) = e )fo(t -k (xy. T ulx. y. 7). v(x. y.7))dT + §G(x.y.) + g1 (x. ). (16)

v(x.y.t) = r( 5Jo

where nuclear functions are defined as follows:

Zv(xy.t) n

R2v(xy.t
a, (xy©

—— [, & = DF ik (x.y. T u(x.y. 7). v(x.y.T))dT + 6F (.. 1) + g2 (x.3). (17

ki(x.y.tulxy.7).v(x.y.7) = a o

+vy (u2 (x.y.1) + vi(x.y. ‘t)) v(x.y.1). (18)

ay
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ky(x.y.t.u(x.y.7).v(x.y.7))

*u(x.y.7) *u(x.y.t)
NG ~* ayr

y (uz (x.y.7) + v*(x.y. r)) u(x.y.t) (19)

1

) fot(t —)* 1g(x.y.7)dT. (20)

glx.y.t) =

1

fayn=—rs [yt = D" 1f(x.y. Ddr. (21)

Implementing the numerical procedure (16)-(17) changes in order to use orthogonal Jacobi
might be challenging because of the weak kernels polynomials to solve equations (16)—(17).
around + t = 0. Consider the following variable

x=21+x. x=2-1 xe[-11]. (22)
2 Ly

y=21+y). y=3 -1 ye[-11] (23)

t=-(1+0. E=3-1. te[-11]. (24)
T 2T

t=5(1+s). s=?—1. se[-1.1]. (25)

Therefore, equations (15)-(16) should be rewritten in the following form:
u(x.y.t) = f_tl(t — )P 1k (x.y.5.U(x. y.5).T(x.y.5))ds + 6g(x.y.t) + g1 (x.y). (26)
v(x.y.t) = f_tl(t — )P 1k, (x.y.5.U(x.y.5).D(x.y.5) )ds + 5f (x.y.1) + g (x. y). (27)

which are considered under the following boundary conditions:

u(-1.y.t) = g3(y.0). u(L.y.t) = gs(y.0). (28)

u(x.—1.6) = g (x. ). u(x.1.t) = go(y.1). (29)

B(-1.y.0) = G4(y.0). B(L.y.t) = Ge(¥.0). (30)
v(x.—1.t) = gg(x.t). B(x.1.6) = G1o(y.0). (31)

That
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W(x.y.t) =u(%1(1+x). L2—2(1+y).§(1+t)) (32)
B(x.y.b) = v<L2—1(1 0. 2avnla+ t)) (33)
gy =g(2a+n. La+nia+o) (34)
F(x.y.0) :f(L2—1(1+x). L2—2(1+y).§(1+t)) (35)
gy = gi(2a+n2a+y). i=12 (36)
§:v.0 = g (‘2—2(1+y).%(1+t)). i=3.456 37)
And
g:(x.t) = g; (1“2—1(1+x).%(1+t)). i=7.8.9.10. (38)
Ki(x.y.5.0(x.y.5).5(x.y.5)) = rm(T)” (a1 (LZ—I)Z‘;ZTZ +a, (f—z)zgiyf +y(@ + 172):7). (39)

ky(x.y.s.u(x.y.s).0(x.y.5)) = ™ (T)u (—al (LZ—I)Z 327? —a, (LZ—Z)Z 327’;‘ —y(@®+ ﬁz)ﬁ)_ (40)

Now we can put the variable t of equations (22)-(25) in the Gauss Jacobi nodes corresponding to 6=9=-p,

where:
WP =1-*A+t)r=1-t1)" o<i<m (41)

u(x.y.t) = [t — $)* 1y (x.y.5.U(x.y.5). B(x.y.5))ds + 8G(x.y.t) + 1 (x. ). (42)

Bl y.t) = [t — )k (x.y.5.U(x.y.5). T(x.y.5))ds + 8F (x.y.t) + G2 (x.3). (43)

At this stage, to implement Jacobi Gauss' quadrature law, we must change the following variables:

s(0) =s5,(0) =10 +L2. 0<I<M. 6¢€[-11] (44)
So
u(x.y.t) = (1+t1) f (1-0)* 1k, (x y.5(0).u(x.y.s(0)).v(x.y. s(0))) do +6&g(x.y.t) +
g1(x.y) (45)

142 (135-153)



Falih — Analysis and ..... U.K.J

Vol. 11, Issue 1, Jun. 2026

1 ko1 _
v(x.y.t) = ( > tl) f 1(1 — 9)* 1k, (x. y.5(0).u(x.y.s(0)).v(x. y.s(G))) do

+8f(z.y.t) + g2(x.y) (46)
By using the Gaussian quadratic formula to change collectively, we conclude that:
the integral components of the above formulas
1 —
J- (1-0)* 1k, (x. y.5(0).u(x.y.5(0)).v(x. y.s(G))) do ~
-1
L
Z k, (x. y.5(0).u(x.y.5(6,)).9(x.y. s(ek))) w0, 47)

k=0

1
J. 1(1 — 0+ 1k, (x. y.5(0).u(x.y.5(0)).v(x. y.s(G))) do ~

L
Z k, (x. y.5(0,).u(x.y.5(68,)).7(x. . s(Gk))) k™10
i=o

(48)

where {6, }:_, represent Jacobi points of Gauss

_1.0yL : :
and Lobato and {wf ™"}, _ are weight functions

in the interval [- 1.1] are and L=M. These weight

functions are defined as follows:

Wt 10() = (1 — p#1 (49)

u(x.y.t) ~uMx.y.t) = YN oul(x. y)F,(b).

v(x.y.t) = v Mxy.t) = YN v (x. y)F,(b).

It is possible to reduce (32)-(36) by using the

Gauss quadrature law and the previously provided

Suppose u ™! (x. y) and v~ (x. y) represent the
symbols % (x.y.t,) and ¥(x.y.t;), respectively.
At this stage, we can approximate %(x.y.t) and

v(x.y.t) with the help of the corresponding

Lagrange polynomials as follows:

(50)

(51)

approximations :

ul(x.y) = (1;:1)” Sk o kq (x. y.5(0).uM(x.y.5(6y)). ?M(x.y. s(Bk))) o +8g(xay.t) +

g1(x.y).

(52)

v(x.y) = (1;:1)” Yk ok (x. y.5(0).uM(x.y.5(6y)). M(x. y.s(Ok))) o0+ Sf(xy.t) +

g2(x.y).

(53)

143 (135-153)



Falih — Analysis and ..... U. K. J Vol. 11, Issue 1, Jun. 2026

To apply the JSC method on the variable space, we {xi}?,—lo and {yj}szO which correspond to The
= j=

use Legendre Gauss Lobatto points in the form . o .
following weighting functions are:

0®xy) =1 -0°A+0)°A-»°A+y)°=1 (54)

With this work, the relations (40)-(42) becomes as follows:

L
() = () ZE (%3500 7" (x0.3;:500) . " (x0.35-500) ) @™

L
V(x;.;) = <1+tl) Z (xi.yj.s(ek).ﬁM(xi.yj.s(ek)) (xl ¥;. s(Gk))> #-10

Again, we use the symbols 7;; and 7}; to denote can write the Lagrange polynomial approximation

_ _ . for both of these functions:
u(xl-. Yj- tl) and v(xi. Y- tl), respectively. We

\u(x.y.t) ~ Up,y, (x.3.1) = 2o Tito T2 uhH (O H;(0)Fy(t) =

Xl 02 , 0 ulH; (OH;(y)F () + XL Zl-zzo (ngo(x) + §4HN1(X)) H;(y)F(t) +
2o Zido (97Ho) + GaHu, 0)) Hi(GOF((8) B(x.3. ) ~ B,y (x.3.8) =

S o Sisy 2 By Hy (O () Fy () = B0 Sy 5020 5L H GO H; (D) Fi(8) + SHo 3% (G5 Ho () +

ToHn, () H;0)Fi(8) + 3o 510 (GoHo(y) + GroHn, () Hi(0)F () (57)
And the Lagrange polynomials for x_i and y i are approach can be written as Ultimately, the
represented by the variables H_i (x) and H_j (y), relationships that arise result in a system of non-
respectively. In order to solve (1) and (2), the linear equations that look like this (all the required
entire discrete system of algebraic equations equations may be achieved by varying the i and j
resulting from the space-time spectral localization variables :

1+ t\* _ _ _
ul; = ( 1) (xi.yj.s(ek).uﬂl,vz (xi.yj.s(ek)).vﬁl,\,z( X yj. s(Gk))) po10 5g(x;. yj.t1)

th

gl(xi- }’j)- (58)
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Ny
<1+t1) Z 1(x:. y.5(0y). Z Z Zunlnz H,, (x)Hy, (¥;)Fm(s(61)).

k=0 n1=0n2=0 m=0

Zl ZZ Z Vnin, nl(x,)an(y])Fm(s(gk)))wu 1.0
n1=0 ny=0 m=0

+8§(xi. y]tl) + §1(xi. y]) (59)
o <1 + t1>”

L
Z ky (xi-Yj-s(ok)-ﬁ%lNz (xi-J’j-S(Bk)) DN N, (xz yj- S(Gk))) oo
=0

CEANY
B < 2 )
L

Z 10605 5(60)). Z Z Zu Hy, (60 Ho, (7)) P (5(810).

=0 n1=0n2=0m=0

Nq
Z Z Z Un1nz "1(x‘)an(yj)Fm(S(ek)))w” 1.0

n1=0n2=0 m=0

+6f (xi. yj.t1) + G2(xi. ¥)). (61)

We can solve this non-linear device with 4, IMPLEMENTATION

appropriate iterative methods and find the answer 4.1 Numerical examples

with desired accuracy. It is possible to answer this ) ) . .
Example 1. 1-dimensional differential
guestion by using Newton-Raphson's iterative )
equation.

approach to solve the nonlinear algebraic equations . . ) .

We consider the following one-dimensional
in the system mentioned above. For instance, . . . .

differential equation (considered under the

MATLAB or Maple software's well-known )
domain (x.t) € (—1.1) x (0.2):

"fsolve™” tool can be used to carry out the actual

implementation.
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3/4 az
oGP+ o) = f1(e0. (.0 €(-1.1)x(0.2)

P(x.0)=0. xe(—-1.1)

P(—1.t) =P(1.t) = —t% t€ (0.2) (62)
That
f1= %7 r G) t5/4(i cosmx — sinmx) + t?(—n? cosmx — in? sinmx)  (63)
The exact answer to this equation is as follows: As we see in the figure (1), also we see result in
P(x.t) = t?(cosmx + i sinmx) table (1).

Example 1, t=2, N=4, M=4

e ~———-- realpsi,

real psi

1
-1 0.5 0 0.5 1

\

-1 0.5 0 0.5 1

Figure (1): - Results related to example 1

Table (1): Checking the error values related to example 1.

M, N 19 = Yl 19 =l

4,4 2.2628E-001 6.3147E-002
6, 6 9.1637E-003 1.2706E-003
88 2.5137E-004 2.1386E-005
10, 10 5.4994E-006 1.8660E-006
12, 12 8.5810E-007 8.3305E-007

Example 2. One dimensional differential equation

We consider the following differential equation:
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a7/8 K The exact answer for f, is as follows:

iRV taaY WY =F (0

P(x.t) = t15/8( sin 2mx + —sm1tx>
8 12
€ (—1.1) x (0.2)

P(x.0)=0. xe(—-1.1) (64)

As we see in the figure (2), also we see result in
Y(—=1.t) =y(1.t) =0. t € (0.2)

table (2).

Example 2, t=2, N=6 M=6

real psiy

real psi

——-—-—-= imag psi,

imag psi

0.4 1 1 1
-1 0.5 0 0.5 1

Figure (2): Results related to example 2

Table (2): Checking the error values related to example 2.

M, N 1 = = 1 — Vill=
4,4 8.1372E-001 5.6689E-001
6, 6 7.3603E-002 4,1019E-002
8,8 6.6883E-003 2.7107E-003
10, 10 4.7876E-004 1.4701E-004
12,12 2.7144E-005 1.2426E-005
14, 14 5.0659E-006 5.1181E-006
Example 3: Two-dimensional differential We consider the following Schrodinger differential
equation. equation:
67/8
ISt oYt PP = fr (¥ € (-112 % (0.2) (64)

P(x.y.0) =0. (x.y) € (-1.1)2
P(£1.£1.t) = 0. t € (0.2)
That

7 35 105
fz=T (—) t( 256sm(m\c) sin2ry) +i——

3 =12 sin(2mx) sm(ny))
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5 5
+¢15/8 (_ 3 sin(2mx) sin(my) — iﬁ sin(mx) sin(Zny))

1 1
45/8 ) ) ) )
+t (64sm (2mx) sin“(mwy) + {2250 (rrx) sin (2ny)>

. (% sin(2wx) sin(my) + i% sin(mx) sin(Zny)) (65)
It is proved that the exact solution of this equation is as follows:
P(x.y.t) = t15/8 (% sin(2mx) sin(my) + i% sin(mx) sin(Zn'y)) (66)

As we see result in the figure (3) and (4).

E rl 3, Heal(psl) at t=2, N=10 M=10
0.8
0.6
04 ]
i e R
02 N
-0.4
-0.6
-0.8
L 05 Cue — 1
0 - i 0.5
0.5 e 0.5 g
Example 3, Real(psl-pslh) at t=2, N=10 M=10
0.002
-
0.001 __
0 N
-0.001 B o
SRRRLLLLEIOOROTSSoSS
-0.002 RSN
1 = "’.o',zl'i',',','l,”,'l’ —l
0.5 it L2723 -— 1
0 - -— 05
05 ¢ “"1”—’ 0.5

S L7 %
Lo 177/
Sy,

Figure (4): The approximate diagram of the numerical solution related to example 3 in a special case

R —————————
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4.2 Examples of numerical solution and results Example 4. First, we consider the following
analysis Volterra nonlinear fractional differential equation
In this section, we use the proposed method for a system.

non-linear fractional differential equation system

of type one.
( tstyi(s) +y2(s)
D%y, (t) = g.(t) + t+f ds. 0=0
y1(®) = g1(8) + y3(8) . Ji—s s.  ¥1(0)
t
y2(s) + y3(s)
{ D2y, (1) = g2 () + y1(B) +f0 st- y2(0) =0
t 2
a y1(5) + s°ty,(s)
LD*S)’s(t) =g3(®) +y3() + . Vs ds. y3(0)=0
(67)
Example 5. At the end of the apparatus, we differential equations of Volterra.
consider the following non-linear fractional
3 t 2
i y1(8) + [y2(s)]
Dy (t) = g.(t) + t+f ds. 0)=0
(051® = g0+ 3200+ [ B2 a5,y 0
1 Lyi1(s) + y2(s
P20 = 920+ Dol + [ 222204 y@=0
0 (t—s)3
(68)

As we see result in the figure 5, 6,7,8,9,10 and 11

0.3

-0.2 -

-03 -

-0.4

Figure (5): Numerical and approximate solution of the equation for different values of a
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0 0.2 0.4 0.6 0.8 1

Exact

0 02 04 0.6 08 1

Figure (7): Numerical and approximate solution of the equation for different values of a

(A) ! Exact '

0.9 | = = = Approximate /4

08 | A
07 / B

06 [ / 4

05 | 1

¥,0

04 | 1
03t p ]
02t ~ .

0.1 r prd B

0 — . . .
0 0.2 0.4 0.6 0.8 1

Figure (8): Numerical and approximate solution output
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B 1.2 T
( ) Exact
= = = Approximate
1 [
08 | 7/
V4
A/
06 |- /
=
04 |
Vi
4
~
02 _ P
b ee—
—0.2 . . . .
0 0.2 04 0.6 0.8

Figure (9): Comparison between numerical and exact answers

x107% x107%

x107"® x 107

0.5 -

Figure (11): Absolute error graph between numerical and exact answers
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5. CONCLUSION

Different approaches have been put out thus far to
study fractional differential equations. We deal
with derivatives and integrals of arbitrary order
(and not always the proper order) in differential
and integral calculus. Fractional derivatives have
been used in a great deal of scientific and technical
challenges in recent years. Numerous writers have
reviewed applications of integral and differential
calculus. For instance, the nonlinear oscillation
model of an earthquake is studied using
differential calculus and fractional integral. This
technology is also used by dynamic traffic models.
These concepts are applicable to many different
areas, including as economics, signal processing,
control theory, solid mechanics, statistical chain
mechanics, and the oscillatory behavior of many
elastic materials.

In this study, one-dimensional and two-
dimensional fractional time Schrédinger equations
are solved with suitable starting and boundary
conditions using the JSC space-time approach. To
do this, one must first translate the original
problem into the matching set of integral
differential equations that are weakly nonlinear.,
and then reducing the original equation to the
corresponding equation by applying the integration
scheme in conjunction with the high-precision
Gaussian square law approximation of the existing
integrals. the nonlinear algebraic equation system.
The Newton-Raphson iterative technique is one
powerful iterative solution that may be used to
solve this system of algebraic equations. Based on
current numerical techniques, the method that is
being given offers two main benefits.. The
proposed method demonstrates spectral accuracy
in temporal and spatial variables and is well-

balanced.. Furthermore, a thorough convergence

study is offered to mathematically justify the

suggested numerical concept. The numerical
experiment results indicate that the suggested
spectral approach calculates high precision
solutions even with a small number of harmonic
points. It is now recommended that this method be
applied and expanded in order to address further
time fractional differential equations. However, the
aforementioned approach should be modified
appropriately for this purpose.

Apart from the perspectives put forward in
this thesis, we have the option to estimate
fractional differential equation solutions using
alternative forms of discretization of continuous
functions. This may be achieved by utilizing the
wavelet types and fundamental functions covered
in functional and numerical analysis. One well-
known fundamental function that we may utilize to
accurately approximate continuous functions is the

Chelyshkov polynomial.
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