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Abstract

Differential theory is one of the concepts has been considered by many authors
since almost thirty years ago. Since that time, many articles have been appeared in
this way in order to study this concept about different algebraic structures such as
rings or semi-rings. In this paper, we studied the mentioned concept on algebraic
structure namely semi-ring. Particularly, we introduced the notation of (¢, ¢)-
Derivation pair and studied some of its properties, where ¢ is an automorphism
from the semi-ring to itself. We showed that any (¢, ¢p)-Derivation pair is a Jordan
(¢, p)-Derivation pair but the convers is not necessary true. Furthermore, we
proved that the sum of (¢, ¢)-Derivation pair (resp. Jordan (¢, ¢)-Derivation pair)
is (¢, @)-Derivation (resp. Jordan (¢, ¢)-Derivation). Moreover, we showed that if
$ admits Jordan (¢, ¢)-Derivation pair then its (¢, ¢)-Derivation pair.
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Introduction

The study of differential algebra had a great notation of generalized derivation. Particularly, the

conditions

interest by many researchers by discussing some of
its properties with different algebraic structures.
Some studies have investigated the commutativity
of several types of rings in view of derivation and
generalized derivations. In [1] Shuliang considered

the commutativity of prime ring by using the

author presented some differential
under which the ring will be commutative. Ashraf
and Rehman [2] checked the commutativity of the
prime ring with the concept of derivation. They
presented some conditions which can satisfy the

commutativity of the ring. On the other hand, the
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notation of derivation pair was first introduced by
Zalar [3-4] and many authors followed this way.
The author in [5] provided the notation of (64, 6,)-
derivation pair of rings. He proved that any
(64, 62)-derivation pair is Jordan (64,0,)-
derivation pair but not conversely. Some other
properties regarding this notation have been also
discussed. The notation of Jordan derivation pair
on semi-rings has been provided by Thiruveni et.
al [6]. They studied some properties of this
notation. In this paper, the results of [6] have been
extended by providing the notation of (¢, ¢)-
derivation pair on semi-rings and discussing some

of its basic properties. This article is organized as

follows. Section two contains some basic
definitions that are needed in this study are given.
The main results are given in section three. The
conclusions of this study have been stated in

section four.

Basic Concepts

This section deals with some basic definitions that
are needed in this paper. We begin with the
following definition.

Definition 2.1 [6] Let S be a semi-ring and H be a
S-module. The maps d,d: S — H are said to be
derivation pair and denoted by (d,d), if the
conditions below are fulfilled.

d(mem) = d(m)pm + md(r)m + mad(m) forany n,m € S

d(mam) = J(m)pm + md(s)m + mad(m) for any 5, m € S.

And they said to be Jordan Derivation pair if

d(@m3) = d(m)m? + md(m)m + m2d(m) forany m € §

d@@®) = d(m)m? + md(m)m + m?d(m) for any m € S.

Definition 2.2 [7] A triple ($,+,") is called semi-

ring if - is disturbutive on +.

Definition 2.3 [7] A semi-ring S is called k-torsion
free if tm=0=m=0 for anym €S and

KEN.

Main Results
The main results are given in this section and we

begin with the observations bellow.

DP = Derivation Pair,
JDP =Jordan Derivation Pair,

(¢, 9)-DP = (¢, ¢)-Derivation pair,
J-(¢p, $)-DP = Jordan (¢, ¢p)-Derivation pair.

Definition 3.1 Let S be a semi-ring and H be a S-
module and let ¢: S — S be an automorphism of
S. The maps d, d: S — H which can be denoted by
(d,d) are called (¢, ¢)-DP if they obeys the

conditions below

d(mam) = d(m)¢(am) + ¢p(@m)J®)P(m) + ¢(mr)d(m) forany 5, m € S

Jlmnm) = d(m)¢(am) + ¢ d@P(m) + ¢ (mr)d(m) forany &, m € S.

217 (216-224)



Mohammed - (¢, ¢)Derivation ...

K. U. C.J.

Vol. 9, Issue 2, Dec. 2024

And they said to be J-(¢, ¢)-DP if

d(m@®) = d(m)p(@?) + p(E)JEm)P(m) + ¢(m*)d(m) forany m € S

g(m®) = d(m)p(m?) + ¢ (m)d(m)P(m) + ¢ (m?)d(m) forany m € S.

0 m #n

Example 3.1 Let § = { (0 0 m) [m,; €N } be a semi-ring and

0 0 O

0 m = 0 m = 0 0 »n
H= (0 0 m) |a,m € Z ; be a$-module. Define d,d'and ¢ as d (0 0 m) = (0 0 0) ,
0 0 O 0 0 O 0 0 O

0 m =n 0 0 O 0 m =n
d <0 0 m) = <0 0 m) and ¢ <0 0 m
0 0 O 0 0 O 0 0

(¢, ¢)-DP.

Remark 3.1 Every (¢, ¢)-DP is a J-(¢, ¢)-DP but

not conversely.

Example 3.2 Let S be a 2-torsion free semi-ring
and H be a S-module. Furthermore, let ¥ € S for
which ¢ (m)¥¢(m) = 0 for any m € S. However,
p(m)Pp(R)FPp(m) #0 for some m #rnE€ES.
Define the maps d,d:S — H as d(m) = r¢(m)
and d(m) = ¢p(m)¥. Then, (d,d) is a J-(¢, p)-DP
but not (¢, ¢)-DP.

Let m,8,¥ € S, then by Definition 3.1, d(m3) =
d(m)p (@) + (@) d@Em) P () + ¢(w*)d(m)
for any m € S. So that, d(®3) = r¢p(m>). From
the other side, we have r¢(m)Pp(m?) +
¢ (m)Pp(E)rdp(m) + p(m*)rdp(m) = rd (m?).
Again, by Definition,
3.1, d(®?) = d(m)p(®w?) + ¢ (m)d(m) P (m) +
Pp(@?)d(m) for any me€S. Thus, dm?) =

0 m =n
) =<0 0 m).Then,cf,diS(d).cb)-DPandJ-

0 0 O

¢(@m3)r. On the other hand, ¢p(m)rp(m?) +
P)rp(m)p(m) + () P(m)r = P (w’)r.
Therefore, (d,d) is a J-(¢, ¢)-DP. Next, to show
that (d, d) is not (¢, ¢)-DP. Now,

d(mam) = r¢(mam) and ¥op(m)p(m) +
()P (R)¥Pp () + ¢ (mn)rdp(m) =

¥ (mnm) + ¢ (m)rd(m) + p(mm)rd(m) #
d(mnam). Also, dJ(mam) = ¢(mam)r and
¢ (m)re(am) + ¢(m)re(R)P(m) +

¢ (mr)Pp(m)r =

¢ (m)re (am) + ¢(m)rg (am) + (mam)F

d(mam). Thus, as required.

Theorem 3.1 The sum of (¢, ¢)-DP is a (¢, ¢)-D.
Moreover, the sum of J-(¢, ¢)-DP is a J- (¢, ¢p)-
D.

Proof: Let (d,d) be a (¢, $)-DP of a semi-ring S

with H be a S-module. By Definition 3.1, we have

d(mem) = d(m)¢(rm) + p(m)J@)P(m) + ¢ (mr)d(m) forany a,m € S (1)

J(mam) = (@) (am) + ¢(m@)dR)P(m) + ¢ (mr)d(m) forany n,m € S. )

combining (1) and (2), we get
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(d+ d)(mam) = (d+ J)(@)p(Em) + p(@)(d+ d)(B)Pp(®) + p(mr)(d+ d)(m) for any =a,m€S.
Thereby, (d+ d) is (¢, ¢)-D. Also, from Definition 3.1, we have

d(m’) = d@E)p(@?) + () dE)P(m) + ¢ (m?)d(m) forany m € $ @)
d(m?) = dm)p(m*) + dp(m)d(m)(m) + ¢ (m*)d(m) forany m € S. (4)
Adding (3) with (4), we obtained Theorem 3.2 Let S be a 3-torsion free semi-ring

with an identity and H be a S-module. If §
admitting J-(¢, ¢)-DP in which d(1) = d(1), then
d(m) = d(m),Vm € S.

(d+ @) = (d+ PHE) () + d(m)(d +
(@) p(m) + p(@?)(d + d) (=) for any m € S.
Therefore, (d'+ d) isaJ-(¢,¢p)-D. m

Proof: From Definition 3.1, we have

d(m®) = d(m)p(@*) + ¢ (m)Jm) P (m) + p(w*)d(m) forany m € § ©)
d(m?) = dm)p(@m*) + p(m)d(m)p(m) + P (m*)d(m) forany m € § (6)
Let W(r) = d(m) — g(m) for any m € $. Then, by subtracting (6) from (5) we obtained

Y(m’) = Y(m)dp(m*) — p(m)P(m)p(m) + p(m?)¥(m) forany m € S (7)

Linearizing (7), we get

Y(m’a + am’ + me’ + a’m + mam + ama) = Y(@)p(ma) + Y(m)p(am) + Y(m)p(a?) +

P p(mr) + V(@) (am) + Y()P(m?) — ¢ P (E)P(r) — p(m)P ()P (m) — ()P ()

¢(m) — pEY()P(m) — ¢V () P(R) — d(WYE)P(R) + ¢(mm) ¥ () + ¢ (am) ¥ ()

+p )P (m) + p(mr)¥(r) + dp(am)¥Y(®) + p(m*)¥(x) forany m,n € S @)
Replace = by —s in (8), we have

Y(wm’s +am’ — mr’ — p’m + mam — amr) = V) o (@) + V()¢ (am) — Yo (»?) —

Y@ ¢p(mn) — V(@) (rm) + Y(R)d(m?) + p(m)P(m)d(r) + p)¥Y(@)d(m) + ¢ () ¥ (m)

¢(m) — p(EY(R)P(m) — ¢V () P(R) — dYE)P(R) + ¢(mm) V() + ¢(am) ¥ ()
—p@)¥(m) — p(mn)¥(r) — p(am)¥Y(®) + p(m*)¥(x) forany m,n € 9)
According to (8) and (9), we get

Y(m’a +am’ + mam) = V(@) o) + V() pam) + Y@ — @YY@ (m) —

PE)Y @O — pYEIP(R) + p(mm)¥(m) + prm)¥(m) + p(@*)W(r) foranymar e (10)
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Putting = = 1 in (10), we have

3¥(R) = Y1) — ¢@¥Y®$(1) — p(H¥Y @) + ¢(DW(r) forany n € S (11)
Setting ¢p(r) = (1) = 1 in (11), we get

3W(®r)=0foranys € $ (12)
Since $ is a 3-torsin free, then (12) forces W(x) = 0. Therefore, d(m) = d(m),Vm € $. m

Theorem 3.3 Let $ be 3-torsion free semi-ring and H be a S-module. If (d, d) is a J-(¢, ¢)-DP of § then
(an +8na) + (en +re) =0 foranyn € Sand a, £ € Swith p(m) = 1, d(1) = a and J(1) = .

Proof: Let (d, ) is a J-(¢, )-DP of $ then by Definition 3.1, we have
d(m@®) = d(m)p(@?) + p(E)J(m)P(m) + ¢(m*)d(m) forany m € S (13)
d®) = ) p(w*) + p(m)dEm) P () + ¢ (m*)d(m) forany m € S (14)
Linearizing (14), we get

d(m’n + mr + am) = d(R)P(@?) + (R dE) P () + ¢ (am)d(m) + J(m)P(am) +
¢ (mr)d(m) + JE)p(mn) + p(E)dE)P(r) + d(m*)d(®) + p(m)d(R)p(m) forany ma s (15)
In (15) put 2 = 1 and using assumption, we obtained
3d(8) = 2(an + ra) + (en + re) + d(®) + 2d(r) forany n € $ (16)
Thatis d(a) = 2(an + ra) + (ea + 8e) + d(a) forany n € S (17)
By linearizing (13) and applied the same steps we get
d(®) = 2(an + 8a) + (v + re) + d(v) forany €S (18)
combining (17) with (18), we have
d(®) + d(®) = 3(an + ra) + 3(ea + as) + (&) + d(&) forany r € S (19)
By Definition 2.3, we achieved (an + Ba) + (e + re) = 0 forany s € $. m

Theorem 3.4 Let S be a semi-ring and H be a S-module. If (d,d) be a J-(¢, ¢p)-DP of S then, (d,d) is a
(¢' ¢)_DP

Proof: Let (d, d) be a J-(¢, ¢)-DP of § then, by Definition 3.1, we have
d(@®) = d(E)p(@?) + ¢ (m)dm)P(m) + ¢ (m*)d(m) forany m € S (20)

g(mw®) = dm)p(m?) + p(m)d(m)P(m) + ¢(m*)d(m) forany m € (21)
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linearize (20),we get

d(w’s + mam + am’) = d®)P @) + (R JE)P () + d(rm)d(m) + d(m)d(am) +

¢ (mr)d(m) + d(m) ¢ (mr) + p(E)E)I(R) + (@) d(R) + p(E)J@)P(m) forany mr €S (22)
Leta = 1in (22), then

3d(m?) = d(1)¢(@*) + (V@) () + p(m)d(m) + dim)P(m) + ¢ () dlm) +

dE) () + ) dE)d(1) + d(m*)d(1) + p(m)d(DpGm) forany m € S (23)
From Theorem 3.3 and by letting ¢ (m?) = m? and (1) = 1, we get

3d(m?) = am’® + (@) P (m) + (@) () + d(m)P(m) + () d(m) + d(m)p(m) +

P () d(m) + m’a + p(m)ep(m) forany m € S (24)
Thatis 3d(m?) = 2[d(@)¢ (m) + p(m)d(m)] + [JE) P () + p(m)JEm)] + (am® + m’a) +

¢ (m)egp(m) forany m € S (25)
Without loss of generality, in (25) let d(a) ¢ () + ¢ (m)d(m) = JE) P () + ¢ (IJ(m) +

(am? + m?a) then Eq. (25) will be

3d(m?) = 3[d(m)¢(m) + p(m)J(m)] + 3[(am® + m’a)] + ¢ (m)ep(m) forany m € S (26)
Thatis d(m?) = JEm)¢(m) + dp(m)d(m) + ¢ (m)ed(m) where (am?® + m’a) = 0foranym esS  (27)
Linearizing (27), we have

d(ma + am) = dE) @) + ¢(E@)A@) + (e (r) + d@P(m) + p(R)d(m) +

P(mep(m) forany m,m € S (28)
Replace & by m# + aam in (28), we obtained

d(m’s + am?) + 2d(mam) = dm)¢(mr) + dE)P(am) + ¢E)dE)P(R) + ¢(w*)d(@) +

¢ (@) d(R) P () + ¢ (mr)d(m) + d(m)(rm) + pE)d@ (@) + d@®P(w?) + ¢(R)d(w)

() + p(mr)d(m) + ¢ (am)d(m) + p(m)eg (mn) + d(m)eP(rm) + ¢ (mr)ed(m) +

¢ (ram) e (m) for any m, & € S (29)
Replace m by m? in (28), we have

d(m’s + am’) = d(@*)p(®) + (@) d(®) + dp(m*)ep(r) + d®P(w?) + p(R)d(m?) +

221 (216-224)




Mohammed - (¢, ¢)Derivation ... K. U C.J

Vol. 9, Issue 2, Dec. 2024

(e (m?) forany m,n € S
From (29) and (30), we obtained
d(mam) = dE)¢(Em) + ¢(m)d®)P(m) + ¢(mr)d(m) + ¢(m)(ep(r) + p(R))P(m) +
¢ () (ag(r) + p(®)a)p(m) forany m,n € §
By letting ¢ () = = in (31), we get
d(mam) = dEm)¢(@Em) + ¢(m)d®)P(m) + ¢(mr)d(m) + d(m)(en + re)P(m) +
¢ () (an + na)p(m) for any m,n € S
By Theorem 3.3, we have
d(mam) = d@m)¢(rm) + d(E)d@) P (w) + ¢ (mr)d(m) for any m,n € S
By Theorem 3.2, d(#) = d(#) for any & € $. Thus,
d(mam) = dim)¢(am) + pE)J@)P(n) + d(mr)d(m) foranym,r €S
By the same way we can prove
dlmam) = d(m)@(am) + p(m)d®)G(m) + p(mr)d(m) forany s, m €S

Therefore, (d, d) isa (¢, ¢)-DP. m

(30)

(31)

(32)

(33)

(34)

Theorem 3.5 Let S be a semi-ring and H be a S-module. Then, (d, d) is a J-(¢, ¢)-DP iff (d, d) is a (¢, ¢)-

DP.

Proof: Let (d, g) be a J-(¢, )-DP, then by Definition 3.1, we have

d(@?®) = dEm)p(@?) + p(m)d(m)p(m) + ¢ (m*)d(@m) forany m € S

linearizing (35), we have

d(m?n + am? + ma? + pm + mam + ama) = d(@) (@) + d(m)P(am) + d(m)p(a?) +
d(r) ¢ (mn) + d(®)p(am) + d@)d(w*) — d(E)dm)d(r) — p(E)dR)P(m) — P (r)d(m)
¢(m) — p(R)d@)P(m) — dE)d®)P(r) — dER)d(E)P(r) + ¢ (mn)d(m) + ¢(rm)d(m) +
d@*)d(m) + ¢(mr)d(r) + ¢ (am)d(®) + ¢ (w*)d(x) forany m,n € S

Replacing = by —s in (36), we have

d(m’n + am? — mr® — A’m + mam — ama) = d(m)P(mr) + dm) P (am) — d@m)P(a?) —
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d(r) ¢ (mn) — d(®) P (am) + d)P(*) + d(E)dm)P(r) + (@) P () + P (r)d(m)

¢(@m) — p(RdE) ¢ (@) — p(E)d(@)P(r) — pR)d(Em)P(R) + ¢ (mr)d(m) + ¢ (rm)d(m) -

¢®*)d(m) — ¢ (mr)d(r) — p(rm)d(®) + ¢(m*)d(r) forany m, 5 € S (37)
According to (36) and (37), we obtained

d(m’n + am® + mam) = d@m) @ (mr) + d@)P(rm) + dRP(@*) — p(R)dR) () —

PE)d@)P(r) — p(R)AE)P(R) + p(mr)d(m) + ¢ (am)d(m) + dp(w*)d(r) forany m,n € S (38)
By letting ¢(m?) = m? = 1 and d(=) = 0 in (38), we get

d(mam) = d(m) ¢ (mr) + dm)p(Em) — pR)d@)P(r) + ¢(mr)d(m) + ¢(am)d(m) forany m,n € S
(39)
Now, let ¢(mn) = 0 in (39), then we arrive

d(mam) = d(m)p(rEm) — p(R)d(@)P(r) + ¢(am)d(m) forany m,n € S (40)
Replacing ¢ (v)d(m) ¢ (w) by —¢ (m)d(1) ¢ (w) and ¢ (am)d(m) by ¢ (mn)d(m) in (40), we get
d(mam) = d(m) ¢ (am) + p(@m)J®)P(m) + ¢(ma)d(m) for any m,n € S. (41)

Similarly, we can prove the other relation. Therefore, (d,d) is a (¢, ¢)-DP. Conversely, assume (d, d) is a
(¢, $)-DP. Then, by Definition 3.1, we have

d(mam) = d(m)¢ (am) + ¢p(@m)J®)P(m) + ¢(mr)d(®m) for any m,an € S (42)
Replace & by m in (42), we have
d(m®) = d(m)p(@*) + ¢ (m)J@m) P (m) + p(m*)d(m) forany m € $

Therefore, as required. m
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